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Rearrangement phenomenon developed 
inside powder compacts: theoretical 
model expressing the associated shrinkage 
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A distinct new Stage 0 has been resolved which precedes the normal Stage 1 in the 
sintering curves of iron powder composed of smooth spherical particles. It can, therefore, 
be resolved only under conditions of high-speed dilatometry, where the errors induced by 
heating are minimized. The temperature and pressure dependence of Stage 0 suggests that 
this kinetic regime is related to the relaxation of tangential interparticle stresses caused by 
incomplete compaction. To take into account the experimental results a model is 
proposed. The agreement between the dilatometric curves calculated from this model and 
the experimental ones is good. 

1. Introduction 
In an earlier study, carried out by high speed 
dilatometry, it was shown that the shrinkage asso- 
ciated with isothermal sintering occurs in two suc- 
cessive stages in the case of ex-carbonyl iron 
powder green pellets for sintering temperatures 
ranging from 500 to 800 ~ C. 

The observation of the first stage, referred to as 
Stage 0, is dependent upon the form of the 
particles, their size distribution, the value of the 
strength of compaction, and the temperature of the 
thermal treatment. This phenomenon was related 
to a rearrangement of the particles of the green 
pellet, due to a relaxation of tangential inter- 
particle stresses, in order to obtain their highest 
compactness. 

In this paper, a theoretical model is proposed to 
describe the experimental results obtained earlier 
which have already been published [ 1 ]. 

2. Model describing the observed 
experimental shrinkage 

2.1. Analytical representation of the size 
distribution of the particles 

The radii distribution of the particles of the iron 
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powder used is shown in Fig. 1 and is represented 
by a Type III Pearson function (shifted from the 
origin of the r0 value), the expression of which is 
as follows 

f ( r - -  re) 3`r(p) exp (r --3'r~ 

(a) 
The values of the parameters of this function (for 
the powder under considera}ion in this paper), 
deduced from a fitting, are as follows: 

1 
p = 2 ;  F ( p = 2 ) = a ;  - = a = 4 x l 0 a m m  -a 

3' 
hence (2) 

f ( r  - -  re) = a2(r --  re)  exp -- a(r  - re) 

2.2. Influence of compaction and 
formation of contact area 

The influence of the compaction leading to the 
formation of contact areas between the particles 
with a spherical form can be calculated from the 
Hertz theory ([2]. For two particles having the 
same radius and supporting a resultant strength P 
directed along the centre line of the two particles, 
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the radius of the contact area axl is expressed as 
follows: 

an  = 0.88 (3) 

where E is Young's modulus for the material under 
consideration. 

For two particles of different radii, r~ and r2, 
this expression becomes: 

a12 = 0.88 x 1 + 1- (4) 

So, for the two preceding cases, the maximum 
pressure exerted on the centre of the contact area 
is: y 

P n  = 1.5 x 
7ra~l 

and y 
Pa2 = 1.5 x lra~2 (5) 

As was determined experimentally, it was not pos- 
sible to compact particles having exactly equal 
radii to obtain a green pellet with a convenient 
mechanical behaviour. It  was then concluded that 
Pu  was less then, or just equal to, the yield 
strength of the material (except in the case where 
compaction pressure is less than 750 MPa). 

Therefore it has been deduced that on a large 
scale the green pellet cohesion depends upon the 
size distribution of the particles and that a more or 
less substantial plastic deformation takes place in 
the contact area of the particles during compac- 
tion. Thus, p 12 can be expressed as follows: 

p~2 = [al~j xp l l  

and by substituting r =r~ into Equation 3, "P12 
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Figure I Size distribution of the 
radii of the particles of the iron 
powder used. experi- 
mental curve, . . . . . . . .  fitted 
c u r v e .  

becomes: 

1 (1 +~12/3• (6) P12 = -~ r2] 

Taking into account the extreme values of the 
radii of the particles of the iron powder used 
(r2 = 0.1/~m and r2 = 2 gm), 

P12 -~ 4.8pll w i t h p n  ~< oE (7) 

From Bowden and Tabor, [3] it can be considered 
that a homogeneous irreversible plastic deforma- 
tion occurred in the whole contact area when 
P~2 ~- 3aE. This condition is well verified by Equa- 
tion 7. 

Thus, in the case of a green pellet compacted 
from the powder under consideration, some 
contact areas exist for which P~2 > 3eE; this sug- 
gests that the g(r) fraction of the powder particles 
(Zones I and II on Fig. 1) is plastically deformed 
in an irreversible way. These particles begin to 
sinter as soon as the sample is heated up to the 
temperature of the isothermal treatment, while the 
remaining fraction 1 --g(r) of the particles (Zone 
III on Fig. 1) - which are deformed during com- 
paction under a pressure p < 3e~. - can rearrange 
themselves during the rapid heating and the very 
early parts of the thermal treatment, and can then 
sinter when the particles have reached their final 
position. 

2.3. Ca lcu la t ion  of  the f rac t ion  g(r) of  the 
par t ic les p las t ica l ly  de fo rmed  du r i ng  
compac t i on  

From Equation 6, and by substituting p12 = 
3OE and Pn  = OE, we can reach the ratio of the 
radii rl/r2 = 9.40, for the particles able to deform 
in an irreversible way during compaction. There- 
fore, in the powder used, the very small particles 
are deformed irreversibly when they are in contact 
with the very large (this is in the case of systems 
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Figure2 Evolution of the 
1 --g(r) fraction of the particles 
able to rearrange themselves. 

resulting from the association of  particles belong- 
ing respectively to Zones I and II on Fig. 1). 

Taking into account the extreme values of  the 
radii rmt n = 0.1 pm and rma x = 2/am of the 
particle distribution, the limits of  the g(r)  fraction 
of  the particles plastically deformed during com- 
paction can be calculated. 

rl = 2 p m + r q  = 0.21/am 

rc~--- 0 .94pm+-r2  = 0.1/.tin (seeFig. 1) 

The g(r)  fraction is therefore represented by the 
sum of the two hatched areas (I and II) on Fig. 1. 
Its value can be calculated from the integrals of  
functions of  the same type as mentioned in Equa- 
tion 2: 

. R _  

g(r)  = a 2 j0 -Rexp( - -ca~)  dR 

r, R m a x  R2 

+Jo Rexp(- )dR-fo Rexp(-o )dR, 
(s) 

where 

R = r - - r o  r o = r 2 = 0 . 1 / a m  R , = r ~ - - r o  

Rmax = rmax -- ro R2 = r% -- r o 

Hence g(r)  = 0.222. 

2.4. Evolut ion of the f ract ion 1 --g(r) of  
the particles which can rearrange 
themselves 

This fraction is, of  course, equal to 0.778. In order 
to continue the calculations, three hypotheses 
have been made: 

(a) all of  the particles which belong to Area III 
in Fig. 1 can be classed as a system of  pairs for 
which rw/r v = cte.  In fact, by simple simulations 
consisting of  modifying the respective positions of  
particles of  different dimensions, it has been 

shown that the smaller particles start moving 
before the bigger ones; this means that any 
rearrangement phenomenon involves the conjoint 
motion of  two particles of  different mean 
dimensions. 

So Area III is divided in two parts (I '  and II ' )  
(Fig. 2), situated on both sides o fa  rg value defined 
by the relationship 

re__2_ ~ = rs = K 

rg re, 

i.e. rg = (reare=) 1/2 = 0 .444#m 

Then the K parameter is equal to 2.115 and can be 
written: 

rw rg < rw < re 2 
- -  = K with 
rv re1 < r v < rg 

The value of  the maximum pressure exerted in 
the centre of  the contact area developed between 
particles of  radii equal to rw and rv, respectively, 
can also be calculated. From Equation 6 we have: 

P12  = P m a x  ~ 1.350~ w i t h p l ,  ~ OE 

(b) All pairs of  particles (rw, rv) are supposed 
to be unable to rearrange themselves at the same 
time; thus at time t only one fraction of  the par- 
ticles having a radius equal or less than rv could 
take part in the process. This fraction is represen- 
ted by the area al on Fig. 2. As the pairs consisting 
of  smaller particles must rearrange first, it can be 
seen that the abscissa of  the line limiting the al 
area on the left is coincident with re .  On the other 
hand, if the abscissa o f  the line which is the upper 
limit of  the area al is equal to rw, one can write: 

1 ,  , , 1 ( 1 1  t 
r l  F2 r w r v  r v 

By combining Equations 9, 4 and 5, r v can be 
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expressed by: 

0 (1) 
r v -  (p12)a/2 x 1+  

/7 is the average resultant strength exerted on the 
particles considered at any time t. At time t = 0 
we have p 12 = Pmax and 

r v = re, = (pm~)a n x + 

Then the following relationship can be deduced: 

/ 'v 
- x ( 1 0 )  

re, [ Px2 J 

The pressure P12 represents the effective stress Oen 
which allows the rearrangement phenomenon to 
develop. This stress decreases with increasing time; 
such an evolution is consistent with the fact that if 
rv > rc~, P12 = Oeff is lower than P m a x  "" 1.35OE. In 
order to taken into account the decrease of aen, a 
third hypothesis will be put forward. It must be 
remarked that /7 (the effective mean strength 
exerted on the particles at time t) is decreasing 
simultaneously as Oen. Hence/7 becomes progres- 
sively smaller than/;max. However, the difference 
between the two strengths cannot be very great 
because the sintering between particles increases 
the cohesion of the green pellet by creating simul- 
taneously a mean strength of cohesion which is 
opposed to a very significant decrease of/7. There- 
fore in the following it is considered that /7"~ 
/Tma x. Hence: 

rv--z- ~-~ [Pmax] 3/2 (11) 

re  1 [Oeff J 

(c) It is considered that the relaxation of the 
stresses takes place according to the hyperbolic 
law suggested by Crussard [4] and that the value 
of am is independent of the temperature in the 
range (500 to 800 ~ C). Thus one can write 

Cte 
Oef* - (12) 

t~ a ( l + t t  m 
to} 

with 1.0 < m < 1.5 for the ferrous materials. 
To evaluate the constant of Equation 11, it was 

considered that at t = 0 

c te  
Oeff = Pmax t~n 

hence cte = Pmaxtr~ and, consequently, 
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Praax (13) 

In this expression to is a parameter which is 
dependent upon the temperature, according to a 
law of the type 

to = t~ [-R-~ 1] (14) 

where ~H2 is the activation energy for the relaxa- 
tion of the stresses, and t ~ is the time from which 
the rearrangement begins with the above hyper- 
bolic law. 

By combining Equations 11 and 13 one 
obtaines: 3r~2 

r--~ = [ l + t l  (15) 
Fe 1 

Using these different formulations, it is now pos- 
sible to calculate the variation of the total shrink- 
age acquired by the sample. 

2.5. Shrinkage acquired by the sample 
2.5. 1. Shrinkage associated with the 

rearrangement of a certain type of 
particle 

The shrinkage value due to the rearrangement of 
these particles cannot exceed the maximum value 
equal to 1/3 of the variation of the density of the 
green pellet compacted under 500MPa (all)and 
1500MPa (d2) respectively (i.e. showing or not 
showing the rearrangement phenomenon). It is 
found that: 

(7) 8l max<5\ ! 

When t > 0, the fraction al of the total number of 
particles able to rearrange themselves is equal to: 

g ( r v - -  r o ) - - g ( r e , - -  ro) 

For time t, the shrinkage associated with the rear- 
rangement will have the value as follows: 

r = -/- ~x x [g ( r v - - ro ) - - g ( r c , - - ro ) ]  = •(t) 

By including x = a(r  -- to) it follows that 

Xv = a ( r v - r o )  xel  = a ( rc l - - ro )  = 0.44 

and g(r  -- ro) = g ( x / a )  (16) 

Taking into account Expression 2, we can write: 

j; g (x /a)  = x exp -- x dx 



Finally: 

(~)r =e 6(l)maxX[g(~)--g({-~)] 

e is a standard constant which translates the fact 
that the 1 - g ( r )  fraction which is available for 
rearrangement is equal to 0.778 and not to unity. 

('/) 
7 r  X [(1 + xel)exp(--x~, ) 

max  

- ( 1  +Xv)exp(-Xv)]  = r (17) 

If it is supposed that the sintering of this frac- 
tion depends upon the rate of the rearrangement 
phenomenon, the associated shrinkage can be 
expressed by the convolution product as follows: 

(61)f 2 ft d[r T = k (t - -  t r )  n X - - - -  dtr (20) 
o dt r 

The function q~(t) has been defined in Equation 
17. In Equation 20, tr is the time from which a 
given pair of particles (rw, rv) is rearranged and 
begins to sinter. 

From Relation 16, it follows that: 

Xv _ i v - - t o  r y._v 

Xc t r e  I - -  r o  rc~ 

because ro is very small (--~ 0.1/am) and can be 
neglected. Thus from Equation 15 

X__Zv = ( l _ F t  l 3m/2 
Xc 1 to / 

Therefore: 

{ r = e x (1 + x c , ) e x p ( - x e , )  
ax  

2.5 .2 .  S h r i n k a g e  assoc ia tod  w i th  tho 
s in ter ing  o f  the  par t ic los  p u t  in 
contact by compaction 

This shrinkage concerns the fraction g(r), which 
will be referred to as/~ from now on. It can reason- 
ably be supposed that the sintering of these 
particles is related to a kt  n law; the associated 
shrinkage is then expressed by: 

6(1)f = flktn (18) 
t 

with 

k = koexp - - - ~  (19) 

In this expression AH1 is equal to the activation 
energy of the acting sintering mechanism. 

2.5.3. Shrinkage associated with the 
sintering of the particles which are 
first rearranged 

This shrinkage takes into account the fraction 
[g(xv/a) -- g(xc,/a)] of the particles which are able 
to rearrange themselves [the maximum value of 
which is 1 --g(r)] .  

o r  

2.6. Total  shrinkage concern ing  the  sample 
The theoretical equation describing the curve of 
the shrinkage recorded can be expressed from 
Equations 17, 18 and 20, as follows: 

= r + ~kt n + kj '2( t  -- tr) n d [~b(tr)______j at r 
dtr 

(21) 

Whenever the second derivative of the second 
term of Equation 21 is equal to zero, the 
theoretical curve will exhibit a change in slope. It 
will be recalled that the experimental curves show 
just such an anomaly - which is in the main 
shown by an apparent acceleration of the shrink- 
age - when the greater part of the rearrangement 
phenomenon has taken place. 

In practice, the convolution product has no 
analytical expression, so its second derivative can- 
not be calculated. Consequently, only values for 
different paramters of Equation 21 can be chosen. 
For different temperatures the theoretical curves 
can be calculated from these values and compared 
with the experimental curves registered for these 
same temperatures. It should be mentioned that 
the temperatures under consideration range only 
from 500 to 800~ because experimentally, the 
rearrangement phenomenon is only observed in 
that temperature range [5]. 

The following parameters were used: 
(i) /~ = 0.222; n = 0.32 (the exponent of the 

equation corresponding to the more probable 
sintering mechanism, i.e. where the intergranular 
mechanism plays a role); k (depending on k0); and 
AHa = 125.4kJmo1-1. The values of k used for 
the different temperatures considered in this paper 
were determined from isothermal dilatometric 
experiments carried out with relatively low speed 
[6] and are indicated in Table I. 
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TABLE I Values of the parameters k and t o fitted in 
terms of temperature 

T k (x 103) k (x 103) t o 
(K) (low speed (high speed (min) 

dilatometry) dilatometry) 

828 4.94 1.85 200 
855 7.59 4.25 120 
873 8.50 5.50 100 
898 11.56 8.56 76 
923 13.32 12.50 50 
968 15.86 16.66 40 

(ii) (6l/l)m ~ = 7 X 10-3; e = 1.298; xe, = 0.44; 
m = 1; to was evaluated from Equation 14 with 
t ~  0.04 min and AH2= 50.1 kJmo1-1. 

Using the above values of the parameters, the 
agreement between the experimental and calcu- 
lated curves was not good enough. Some of the 
parameters were fitted and the best fitting was 
obtained with the following values, for the whole 
range of temperature considered: /3=0.1275; 
xe~ = 1, AH 1 = l l3 .7kJmol-1 ;  k (cf. Table I, for 
the high speed dilatometry); AH2 = 75.2 kJ mot-l;  
to (cf. Table I). 

For the temperature of 873 K, Fig. 3 gives an 
example of the very good agreement between the 
two curves. This justifies the hypothesis made to 
translate the total instantaneous shrinkage 
acquired by the sample. 

The discrepancies found between the calcula- 
ted and fitted values of/3 and xet are probably 
related to the approximations made to estimate 
the values of pa~ and P~2- Those discrepancies 
related to the value of AHa, fitted from dilato- 
metric curves recorded with high or low speed, 

= , , i f , , 
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Figure 3 Isothermal dilatometric curve obtained at 600 ~ C 
from a green pellet compacted under a pressure of 
500MPa and heated at high speed ( ) and a curve 
fitted from the model proposed in this paper. 

may be due to the fact that for these latter experi- 
ments the shrinkage translated by the convolution 
product of Equation 21 was not taken into 
account. 

Furthermore, the values of to indicated in Table 
I result from fitting with a new value of AH2, 
greater than 50.1kJmo1-1, and with the t o coef. 
ficient having the new value 3 x 10-amin. 

2.7. Inf luence of  the compact ion pressure 
on the rearrangement phenomenon. 

For samples sintered at the temperature of 582 ~ C, 
it was shown that the rearrangement phenomenon 
was very noticeable when the compaction pressure 
was equal to 500MPa and disappeared for 
1000MPa. This fact can be explained as follows: 

When the pressure of compaction P increases to 
P',  the number of systems of particles of Types I 
and II deforming irreversibly (cf. Fig. 1) must 
increase. This fact does not mean, however, that 
the pressure Pa2 acting between the particles is 
greatly different from the value Pl~ = 3aE estab- 
lished above [3] (cf. Section 2.2). 

Furthermore, the systems of particles belonging 
only to Type III remain elastically strained. How- 
ever, it can be reasonably supposed that when the 
strength of compaction increases, the pressure 
exerted in the corresponding zones of contact 
tends to exceed (rE; this can be expressed as ncrE 
(with 1 < n < 3). 

Reconsidering Equation 6 with the new values 
P12 " ~  3oE andpH = noF. <P12, it follows that 

K '  - rl, _ 2 1 (22) 
r2 

where r'l and r;  are the analogous radii to rl and r2 
(cf. [2]) that must be considered when the pres- 
sure of compaction increases from P to P'. 

Equation 22 clearly shows that if n > 1, K '  < 
9.4, therefore r'x must decrease and r~ increases. In 
fact, if the upper limit of the size distribution of 
the particles of the powder used r'~ = r~ = 2pm is 
not considered, the above relation shows that 
when n increases, r;  decreases; if now the lower 
limit r'2=r2=O.lpm is considered, r'~ must 
decrease. 

This analysis finally shows that when the 
strength of compaction P increases, the hatched 
area (I + II) on Fig. 2 increases and the 1 - -g(r)  
fraction decreases. 

The rearrangement phenomenon regarding the 
1 - g ( r )  fraction of the particles and, in particular, 
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the point of  inflection which is associated with the 
function ~(t), must disappear if X'e1> 1.33 for 
m = 1 in Equation 17. 

By considering x'q = 1.388, from Equation 16 
we can evaluate r'e~ = 0.447/am. Then it can be 
deduced that: 

K '  - /1 _ 2 - 4.474 
t 

r2 0.447 

' = 4.474 x 0.1 = 0.447/am. Then re2 
' and ' calculated in this way The values of  re~ r% 

are identical: this situation is related to the case 
where none of  the pairs of  particles are able to 
rearrange themselves [i.e. g(r)= 1 and 1 --g(r) = 
0]. 

It was shown before that: 

0.246(ff)a/2E ( 1 )  
r v - (pa2)3/2 1 + ~ (23) 

hence it can be inferred that 

ff = (P 12)3(rv) 2K2 

[0.246(1 + K)I=E 2 (24) 

It has previously been established that when the 
pressure of  compaction is equal to 500MPa the 
fraction of  the particles plastically strained is equal 
to 0.1275 and the fraction of  particles which are 
able to rearrange themselves is then equal to 
0.8725. An average pressure acting inside the green 
pellet can therefore be evaluated as follows: 

P~2 ~ 0 .1275(30E)+  0.87250E = 1.2550E 

Given that 

r v ~-- f --~ 0.444/am = 4.44 x 10-Tin 

K = 9.4 

OE = 1.96 X 10SPa 

P12 = 2.46 x 108Pa 

E = 1.96x 1011Pa 

It can be found that i f =  1.03 x 10-9N. 
For the pressure P'  for which all the particles 

are plastically strained, P12 approximates to 3eE = 
5.88X 10SPa. As K ' = 4 . 7 4  and / = 4 . 4 7 X  
10-7m,f f  ' = 1.17 x 10-SN. 

By supposing that the relation between/7 and P 
is of  the same type as that expressed by Equation 
24, one can then evaluate: 

; ] 1 / 2  
p '  = =-  P = l l l 5 M P a  

This value is in good agreement with that 
(1000 MPa) for which the rearrangement phenom- 
enon is no longer observed on the experimental 
dilatometric curves. 

3. Conclusion 
The theoretical shrinkage curves of  green pellets of 
ex-carbonyl iron powder, with a quasi-spherical 
form, recorded with a high speed dilatometer and 
showing a size distribution of  the particles, can be 
described by the following relation: 

( 6 / ) =  l - t  qS(t)+[3ktn+kj': (t--tr)ndg(tr)dtr dt~- 

In this expression, r  represents the shrinkage 
related to the rearrangement of  the powder par- 
ticles; the corresponding activation energy is of  the 
order of  75 kJ tool -1, while the activation energy 
for the sintering itself which develops when the 
rearrangement is over is of  the order of  
l l 4 k J m o F  1. The rearrangement phenomenon is 
only observed when the pressure of compaction 
does not exceed a value, which was estimated of  
the order of  1100MPa. 
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